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Abstract
We calculate how much a rst-quantized string is ex-
cited after crossing the inner horizon of charged Vaidya
solutions, as a simple model of generic black holes. To
quantize a string suitably, we rst show that the metric
is approximated by a plane-wave metric near the inner
horizon when the surface gravity of the horizon I is
small enough. Next, it is analytically shown that the
string crossing the inner horizon is excited innitely in
an asymptotically flat spacetime, while it is nite in
an asymptotically de Sitter spacetime and the string
can pass across the inner horizon when I < 2 :=
2 minfB; Cg, where B (C) is the surface gravity of
the black hole (cosmological) event horizon. This implies
that the strong cosmic censorship holds in an asymptoti-
cally flat spacetime, while it is violated in an asymptoti-
cally de Sitter spacetime from the point of view of string
theory.
I. INTRODUCTION
One of the interesting issues in general relativity is
the inner structure of generic black holes, related to the
strong cosmic censorship conjecture [1]. The conjecture
states that every physically reasonable spacetime is glob-
ally hyperbolic, or it is uniquely determined by initial
regular data on a spacelike hypersurface S. Therefore,
if the conjecture is violated, the spacetime has a Cauchy
horizon (CH), which is the boundary of the future (past)
domain of dependence of S and we cannot predict what
happens for an observer crossing the CH.
Over the past few years a considerable number of stud-
ies have been made on the internal structure of generic
charged or rotating black holes both analytically and nu-
merically. Poisson and Israel (PI) [2] showed that a scalar
curvature singularity appears generically instead of the
CH by using a simple model of spherically symmetric
charged black holes. Ori [3] constructed an exact so-
lution of the Einstein-Maxwell equations for the model,
which suggests that the CH is transformed generically
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into a null weak singularity. This was veried numerically
in charged black holes [4,5]. Brady and Chambers [6]
extended these arguments to the case of more realistic
black hole models and suggested that the CH for Kerr-
type vacuum black holes is transformed generically into
a null weak singularity, where the local geometry and the
strength of the singularity are quite similar to the spher-
ically symmetric charged black holes. Thus, this series of
works strongly suggests that the strong cosmic censorship
holds in the framework of general relativity in the sense
that there is no regular CH inside generic black holes.
However, there remain unsettled questions. Is such a null
weak singularity a real singularity, or the end of space-
time in a quantum theory of gravity? In particular, we
have no precise knowledge about what happens from the
point of view of quantum gravity in such a region where
the curvature is very strong.
One of the promising candidates for a quantum the-
ory of gravity is string theory. Horowitz and Steif [7,8]
have proposed a new criterion for a singularity in terms
of a rst-quantized test string, namely if the expectation
value of the mass associated with the test string diverges
at a nite time, then spacetime is called singular. This is
an extension of the classical denition of singularity [9].
As already shown in [7,10,11], all solutions to the vacuum
Einstein equation with a covariantly constant null vector
are also solutions to the classical equations of motion for
the metric in string theory. These solutions are known as
plane-waves [7]. Thus, if the metric for Kerr-type generic
vacuum black holes is approximated by a plane-wave met-
ric near the \singular CH" (hereafter, simply called CH),
it is also the metric for a classical solution of string the-
ory near the CH. In this case, it is worth testing whether
such a null weak singularity is also a singularity for the
rst-quantized string, as a rst step for considering the
quantum corrections.
In this paper, we test how much the rst-quantized
string gets excited after it crosses the CH in spheri-
cally symmetric charged black holes instead of Kerr-type
generic ones for simplicity. As mentioned above, the
spherically symmetric charged black hole is a good and
simple model for describing the internal structure of the
Kerr-type black hole because their internal structures are
quite similar to each other. Firstly, we show that the
spacetime near the CH is described approximately by a
plane-wave metric if the surface gravity I of the inner
horizon is small enough (section III). Secondly, we cal-
culate explicitly the expectation value of the mass of the
test string in two cases: (i) the charged black hole is
1
embedded in flat spacetime; (ii) it is embedded in de Sit-
ter spacetime (section IV). Finally, we discuss the strong
cosmic censorship in the framework of string theory on
the basis of the previous results (section V). In the fol-
lowing section, we start to review briefly the PI model of
spherically symmetric charged black holes.
II. NULL WEAK SINGULARITIES ALONG THE
CAUCHY HORIZON
When a physically realistic gravitational collapse with
charge q and/or angular momentum a occurs, gravita-
tional and/or electromagnetic waves propagate outward
and some of them are back-scattered by the eective po-
tential of the gravitational eld outside a black hole. This
implies that there exists, at least, two types of null flux
near the CH; an ingoing null flux along the CH and an
outgoing null flux produced by the scattering of the in-
going null flux inside the black hole.
PI [2] constructed a charged spherically symmetric
model which well describes the interior of generic black
holes with an inner horizon. They showed that once the
CH is contracted by the outgoing flux, the invariantly
dened quasi-local mass diverges and a curvature sin-
gularity inevitably appears. This is the consequence of
the nonlinear interaction between the outgoing and the
innitely blue-shifted ingoing null fluxes. The outgoing
null flux, however, is not important, as rstly pointed out
by PI.
Before introducing the PI model, let us investigate a
charged Vaidya solution, where only a purely-ingoing null
flux exists. The spacetime is described by the metric
ds2 = d! (2dr − fd!) + r2(d2 + sin2 d2); (1)








where q is an electric charge and  is the positive cosmo-
logical constant. The energy-momentum tensor is
T = in ll + E ; (3)
E = 2FF − 12gF
2; (4)
where in represents the energy density of the ingo-
ing null flux along the ingoing radial null vector, l 
(@r). Here, F is a purely electric Maxwell eld
F = (q=r2) d! ^ dr. From the conservation law, in is







Now, we consider a freely-falling observer into the in-
ner horizon along radial timelike geodesics whose tan-
gent vector is u = ( _r; _w; 0; 0), where a dot denotes the
derivative with respect to the proper time  . The rela-
tion between ! and  can be obtained by the following
geodesic equation







Ingoing waves : 








FIG. 1. The Penrose diagram of a spherically symmetric
charged black hole with outgoing and innitely blue-shifted
ingoing null fluxes for U  U0. A null weak singularity ap-
pears along V = 0.
Dene the inner horizon r = rI and the surface gravity
I as
f(rI ; m0) = 0; I := −12f;r(rI ; m0); (7)
where m0 is the asymptotic Bondi-like mass, i.e. m0 :=
m(1). It must be noted that the inner horizon corre-
sponds to the CH in the Vaidya metric (1). By solving
Eq. (6), _! behaves as
_!  − 1
I
(8)
near the CH. From Eqs. (3) and (5) the energy density
ob seen by the freely-falling observer is given by




Next, to observe the non-linear interaction between the
outgoing and ingoing null fluxes, we introduce double null
coordinates
ds2 = −2e−(U;V )dUdV + r(U; V )2(d2 + sin2 d2) (10)
near the point P (See Fig. 1), where @U and @V are in-
going and outgoing null vectors, respectively. The quasi-
local mass M is dened by







r2 := gr;r; : (11)
Dening outgoing and ingoing expansions along outgoing
and ingoing null geodesics by − := 2r;U=r and + :=
2r;V =r, respectively, the asymptotic behavior of M near
the CH (V = 0) is
2
M  −+ + (nite terms): (12)






2 − T (@V ; @V ) (13)
where we choose V such that  = const: along U = U0.
Because   V and T (@V ; @V )  ob, M near the CH
can be estimated roughly as
M  −
∫
obd + (nite terms) (14)
through Eq. (13). Let us suppose that there exists a pos-
itive outgoing null flux L(U) := T (@U ; @U ) > 0 crossing
the CH after U  U0 and reparametrize the coordinate U
such that U is the ane parameter of the null geodesic
generator of the CH. Then, through the Raychaudhuri





−2 − L(U); (15)
− becomes negative after the outgoing flux passes
through the CH because − = 0 before U < U0. This
implies that M diverges when the integral of ob with
respect to  becomes innite. This is called mass in-
flation. The mass inflation corresponds to the scalar
polynomial curvature singularity (s.p. curvature singu-
larity) because the square of the Weyl curvature behaves
as CγCγ  M2.
As shown in Ref. [3], this null singularity is a weak sin-
gularity in the sense that no null object falling into the
singularity can be crushed to zero area, namely the 2-d
area of the CH is non-zero. Here, we should not overlook
the following facts; (i) the outgoing null flux can only
contract the CH slowly, and the innitely blue-shifted in-
going null flux is essential for the singular behavior along
the CH, (ii) the Vaidya solution (1) contains a p.p. curva-
ture singularity (any of the components of Rabcd diverges
along a parallel propagated basis) [9] at the CH whenever
ob diverges, although no s.p. curvature singularity ap-
pears in the metric. This implies that the Vaidya metric
is a good approximation for representing the singular be-
havior along the CH near the timelike innity i+ where
− at the CH is negligibly small.
Hereafter, we shall consider the propagation of a test
string on the Vaidya metric. In the next section, we will
show that the Vaidya metric (1) is approximated by a
plane-wave metric near the CH if I is small enough.
III. PLANE SYMMETRIC APPROXIMATION
Firstly, we shall consider the transformation from the
Vaidya metric (1) to the double null metric (10). Let us




dr − g d!; (16)
where g is a function of r and !. From the coordinate
condition d2u = 0,
2 _G + fG0 = −f 0G; (17)
where G is dened by g = fG. A dot and a prime denote
the derivatives with respect to ! and r, respectively. This
is a linear partial dierential equation for G. Following
the standard procedure, let us consider the characteristic









Hereafter, we consider just the neighborhood of the
CH, i.e., !  1  y := r − rI . Using f ’ −2I y −
2(m0 − m(!))=rI , the rst equality can be reduced to
the following ordinary dierential equation near the CH,
dy
d!
+ Iy ’ m(!)
rI
; (19)








d!0 ’ const: (20)
By solving the other equation (18), G approximately be-
haves as
Ge−I! ’ const: (21)
near the CH. Combining the above two solutions, the
general form of the solution of Eq. (17) is
G ’ eI!F [X ]; (22)








near the CH. By taking g = 1 for m(!) = 0, F [X ] can
be xed as
F [X ] = − 1
2IX
: (23)
Now, let us determine the coordinate u. From Eq. (16),















Applying the previous procedure to Eq. (25), the general
form of the solution is
u ’ H [X ] (26)
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near the CH, where H [X ] is an arbitrary function of
X . To determine the function H [X ], we use the rst
of Eqs. (24) and nd that
H [X ] = − 1
I
ln jX j: (27)
Then, u behaves as
u ’ −! − 1
I
ln








and the Vaidya metric (1) can be rewritten in terms of
the new coordinate u as
ds2 ’ 1
G
du d! + (y + rI)2(d2 + sin2 d2): (29)
Secondly, we introduce Kruskal like coordinates U; V
such as
U = −e−Iu; V = −e−I!: (30)
By Eqs. (22) and (28), the metric (29) is reduced to the
double null coordinates
ds2 ’ − 2
I
dUdV + (y + rI)2(d2 + sin2 d2); (31)
where












Finally, we bring the above metric into the plane-wave
form, following the same procedure as in Ref. [12]. If
rI is large enough compared with the typical size of a
test string crossing the CH, we can approximate the two
sphere metric (y + rI)2dΩ by a flat metric such as
ds2  −d ~UdV + (y + rI)2dXidX i; (33)
where ~U = 2U=I and X i (i = 1; 2) are transverse
Cartesian-like coordinates. As it can be easily veried,
rl  O(I), where l  @V . This implies that when
the surface gravity I is small enough, the rst term
of Eq. (32) is negligible and we can take the light cone
gauge (for more detail, see Ref. [8]). Thus, for simplicity,
we shall consider the I  1 case and ignore the rst
term of Eq. (32). Following the methods of Ref. [13], we
transform the coordinates ( ~U; V; X i) to (u; v; xi) as
v = V;
u = ~U + y0 (y + rI)XiX i; (34)
xi = (y + rI)X i;
where a prime means the derivative with respect to v.
Then, the plane-wave metric becomes





IV. THE EXCITATION OF A TEST STRING
In this section, we will derive the equations of mo-
tion of a test string and see how much the rst-quantized
string gets excited after crossing the CH, or propagating
through the spacetime region with the innitely blue-
shifted ingoing flux. Following the denition of singular-
ity for the rst-quantized string [8], we may say that the
CH is singularity-free if the string can cross the CH with-
out being excited innitely. Conversely, if it is excited
innitely by the background eld, then we may say that
the CH has a real singularity and that it is the bound-
ary of the spacetime. It is worth noting that all time-
like geodesics end at the CH unless there is no curvature
singularity (p.p. or s.p. curvature singularities) on it,
according to the usual interpretation of singularity [9].
Let us introduce coordinates (; ) on the world sheet
of the test string. Then, we can take the light-cone gauge
v = P , which has the advantage of being unitary, where
P is a positive constant. Hereafter, we will use the same
approach and conventions as in Ref. [8].
In the light cone gauge, the motion of u(; ) is given
by
P _u = ( _xi)2 + (xi
0
)2 + HP 2; (37)
Pu0 = 2 _xixi
0
; (38)
where a dot and a prime mean the derivatives with re-
spect to  and , respectively. Thus, we quantize only xi
because xi is the only independent variable in the light







and the eld equations are
x¨in + n
2xin −HP 2xin = 0: (40)
Because xi is real, xi−n = xin
. Let us denote the inde-
pendent solutions of Eq. (40) by uin and ~u
i











n − ~aiyn ~uin) (41)
for positive n, where ain and ~aiyn are some coecients,
which are naturally interpreted as annihilation and cre-
ation operators, respectively, satisfying the standard





−in ; ~uin = e
in ; (42)
which represent right and left oscillators, respectively.
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We shall consider a spacetime with sandwich waves,
namely H = 0 for v < −v0 and v  0, as in [12]. Phys-
ically, the latter condition implies that there is no flux
from any pathological regions (if they exist) like timelike
singularities or innity when v  0. As a rst example,
we estimate the excitation of the string in the  = 0 case.
Secondly, we consider the  > 0 case and explicitly cal-
culate the excited energy of the string in some parameter
ranges of m, q, .
A.  = 0 case
For a generic perturbation in the  = 0 case [14], the





where  is a dimensionless positive constant and p > 12
is an integer. By Eqs (8) and (9), the integral of ob
diverges but the second integral is nite. This implies
that + diverges but the integral is nite. Therefore,
once the outgoing null flux crosses the CH, mass inflation
occurs according to Eq. (14) with non-zero area radius rI ,
which is independent of the power p.
After a simple calculation, H(v) is found to be given
by





To calculate the Bogoliubov coecients explicitly, we
shall connect the sandwich wave region H 6= 0 with a
\static" region H = 0 at v = −P ( = −), where
 is an innitely small positive value. After calculating
the Bogoliubov coecients, we will take the  ! 0 limit.








n − ~biyn ~vin); (45)
vin = e
−in(+); ~vin = e
in(+) (46)
for the   − region, where bin and ~biyn are annihilation





n are linearly related to a
i
n and





n −Bin~aiyn ; ~bin = ~Ain~ain − ~Bin

aiyn : (47)
We can see the degree of excitation of a string for the
  − region which is initially in the ground state by
calculating the total number of modes hNouti and the to-
















njBinj2 − 8; (49)
where the last term in Eq. (49) corresponds to the
Casimir energy. Because the dierential equation (40)
for xin is independent of i, we have only to consider the
i = 1 case.
Now, let us denote x1n = xn by the following complex
form,




where A ( 0); S are real functions of  . By substituting
Eq. (50) into Eq. (40), we can obtain the following two
equations,
AS¨ + 2 _S _A = 0; (51)
A¨ + A[n2(1 − _S2)−HP 2] = 0: (52)
The rst equation (51) is easily integrated as
_SA2 = 1; (53)
where we used the boundary condition at  = −0 (:=
v0=P ), i.e. xn(  −0) = e−in . Substituting the rela-








+ HP 2A: (54)
We use the standard matching method to obtain Bn,
which demands the continuity of xn and its derivative at










where A and _A are the values of A and _A at  =
−, respectively. The above equation means that when
lim!0 A = 0, the Bogoliubov coecient jBnj2 for each
n diverges and hence the total number of modes hNouti
and the total mass-squared hM2outi also diverge in the
limit  ! 0. Therefore we shall consider only the case
A  C > 0.
As H diverges near the  = −, the equation (54) is
approximately
A¨  HP 2A  HP 2C: (56)
By integrating it once, we obtain
_A  C
∫ −




which diverges in the  ! 0 limit. This causes again
the divergence of jBnj2 and hNouti, hM2outi. Thus we
nd that the CH is singular in terms of a rst-quantized
string, as mentioned before.
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B.  > 0 case
For a generic perturbation in the  > 0 case [15], the










where B and C are the surface gravity of the black
hole and of the cosmological event horizon, respectively.
The rst term of the r.h.s of Eq. (58) comes from the
backscattering of the outgoing fluctuations close to the
black hole event horizon, while the second term comes
from the neighborhood of the cosmological event horizon.
The dominant term for Eq. (58) depends on the values,
B and C , i.e. for B  C the rst term is dominant,
while it becomes subdominant for B > C . Dening
 := minfB; Cg, we can easily nd that the integral of
ob in Eq. (9) diverges when
2  I (59)
and the integral converges but ob itself diverges when
 < I < 2: (60)
It must be noted that the rst inequality in Eq. (60)
is always satised because B < I for  = B unless
rI = rB, and C < B < I for  = C . Therefore
the Vaidya metric (1) always contains a p.p. curvature
singularity at the CH. In the former case, mass inflation
occurs provided that the outgoing null flux exists, but in
the latter case it does not.
By the denition of Eq. (36), it follows that





where  is a positive constant. As discussed in the  =
0 case, the Bogoliubov coecient jBnj2 diverges when
I  2 and hence hNouti, hM2outi also diverge, which
implies that the singularity at the CH is also a singularity
in terms of a rst-quantized string.
Now, let us pay close attention to the I < 2 case. As
it can be easily veried, _A is nite in this case. This im-
plies that each jBnj2 is nite. First, we shall assume that
the solution of Eq. (40) can be represented perturbatively
such as,
xn = e−in + xn(); (62)
where we start with a purely positive frequency solution
xn = e−in for   −0. Substituting Eq. (62) into
Eq. (40), we nd
¨xn + n2xn ’ H(P)P 2e−in : (63)
By multiplying the above equation by e−in and inte-
grating from  = −0 to zero, we can get the following
relation,

















where γ is dened as
γ := −2(− I)
I
: (66)
This calculation is essentially the same as in [16].
To see whether hNouti and hM2outi diverge, we have
only to calculate jBnj2 for the high frequency modes,
n  1. Thus, the values of jBnj2 for the high frequency
















Γ(1 − γ); (67)
where Γ(x) is the gamma function. Because 0 < γ < 1









n−3+2γ  nite: (68)
This strongly suggests that a rst-quantized string can
cross the CH without innite excitation and that the
horizon can be singularity-free in terms of the quantized
string.
Now we shall conrm numerically that our perturba-
tive treatment is correct. We solve the equation (54) with
the potential (61). Here we set the amplitude of the po-
tential P 2=r2I = 1 and A = 1 at  = −0. The ingoing
flux is turned on at 0 = 5. Even for dierent values of
these parameters, the results are qualitatively the same.
We show the amplitude A for n = 2 and γ = 0:2, 0:4, 0:6
in Fig. 2. We see that after the ingoing flux is turned on
(  −0), A oscillates and the test string is excited by
the ingoing flux. Both A and _A stay nite and continu-
ous even at the CH. Hence we can dene the Bogoliubov
coecients in the  > 0 region and calculate the expec-
tation value of the mass-squared operator. Fig. 3 shows
the n-dependence of the Bogoliubov coecients for each
value of γ. Since they decrease faster than n−2, the ex-
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FIG. 2.  -A diagram of the n = 2 mode for the 0 < γ < 1
case. We set =rI = 1 and γ = 0:2 (dot-dashed line), 0:4
(dashed line), 0:6 (solid line). The ingoing flux is turned on
at  = −0 = −5. Both A and _A are nite even on the
CH ( = 0). Hence we can dene the Bogoliubov coecients













FIG. 3. The Bogoliubov coecient for each n mode and
dierent parameters γ. We can see that the Bogoliubov coef-
cients decrease faster than  n−2 for 0 < γ < 1.
Finally we show the expectation value of the mass-
squared operator in Fig. 4. hM2outiN means that the
sum is taken up to N . Hence the real expectation value is
realized in the N !1 limit. As we expected, hM2outiN
converges for each γ, which means that the excitation of
the string is nite. Hence the string can smoothly pass

















FIG. 4. The expectation value of the mass-squared opera-
tor for dierent parameters γ. We can see that hM2outiN ap-
proaches a constant value in the N !1 limit, which means
that the expectation value of the mass-squared operator is -
nite for 0 < γ < 1. Hence the test string can pass across the
CH.
V. CONCLUDING REMARKS
We have examined whether a null weak singularity in-
side generic charged black holes is a real end of space-
time in terms of a rst-quantized test string by using a
charged Vaidya model. In an asymptotically flat space-
time ( = 0 case), the rst-quantized test string falling
into the CH is always excited innitely, while it is not
when I < 2 in an asymptotically de Sitter space-
time ( > 0 case), in spite of the existence of a p.p.
curvature singularity along the CH. We should note that
the latter case occurs in the physically relevant range of
parameters m > q. This implies that the asymptotically
de Sitter spacetime can be extended through the CH and
hence that the strong cosmic censorship is violated in
string theory.
It is worth commenting that when the string is excited
innitely, one should further consider for the following
two points: (i) in general, a second-quantized string the-
ory is necessary for judging whether the CH is the real
end of spacetime in string theory; (ii) the plane-wave ap-
proximation is violated in the solutions near the CH. As
for the rst point, however, Horowitz and Steif [8] specu-
lated that there is no \string creation" in the plane-wave
metric from the fact that there is no particle creation in
the metric [13]. This suggests that the rst-quantized
description should be adequate in the spacetime under
consideration. As for the second point, the typical size
of the string grows to innity as follows [17],
< r2 >
∫






where : : denotes the normal ordering required to make
the quantum operator well dened. Therefore, it is still
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an open question how much this violation would aect
our results in the asymptotically flat case.
As already mentioned before, the internal structure of
generic Kerr-type vacuum black holes is locally quite sim-
ilar to that of spherically symmetric charged black holes.
Thus, as veried in the charged Vaidya model, if the sur-
face gravity of the inner horizon in the generic Kerr-type
black holes is small enough, we naively expect that the
spacetime near the CH is approximately described by the
plane-wave metric,
ds2  −du dv + F (v; xi)dv2 + dxidxi; (70)
F = Wij(v)xixj ;
where Wij(v) is symmetric and traceless from the vac-
uum Einstein equations (here we suppose that the cos-
mological constant is negligibly small). In this case, the
metric is also a metric of the classical solution for string
theory [7] and the same result as in the charged Vaidya
model would be obtained.
In general, the back reaction from the rst-quantized
string and the quantum corrections for the background
metric should be considered. However, such eects
should be very small in the case that a rst-quantized
test string is not excited innitely. This strongly sug-
gests that the strong cosmic censorship is violated in an
asymptotically de Sitter spacetime in string theory, in
contrast to general relativity.
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